We present some classical properties of the non-abelian Yang-Mills theories that we obtain directly from the Maxwell's equations of the SU(3) Yang-Mills theory. To do it we first examine under which conditions the equations of motion for the SU(3) Yang-Mills theory have the same form as those of the classical electrodynamics. Next we write the equations of motion for the SU(3) Yang-Mills theory using the language of the Maxwell's equations. We show that electric and magnetic non-abelian fields, whose origin is not fermionic, are present in the non-abelian Yang-Mills theories. The non-abelian gauge fields can be assumed as the sources of these electric and magnetic fields. Finally we show how the non-abelian gauge fields are also the responsible for the existence of magnetic monopoles in this kind of theories.
Introduction
In the context of relativistic quantum theory of the electromagnetism, the interaction among two electrically charged particles is mediated through the exchange of virtual photons. Photons are the quantum excitations of the electromagnetic field, which is a vectorial gauge field invariant under U(1) abelian transformations. On the other hand, the strong and weak interactions are described by mean of non-abelian vectorial gauge fields. Yang-Mills theories describe the behavior of pure vectorial gauge fields. These theories are a basic ingredient in the quantum treatment of the fundamental interactions between elementary particles. The study of the classical properties of the relativistic electrodynamics, a particular case of abelian Yang-Mills theories, is a topic very well study in the books about electrodynamics [1] . In contrast, the study of the classical properties of non-abelian Yang-Mills theories is not a frequent topic in books about field theory. However, it is possible to find some excellent books which realize a treatment about this subject [2] .
Hadrons are composed by quarks which interact among them through the intermediate boson fields of the strong interaction (gluons). The strong interaction between quarks and gluons is described by the Quantum Chromodynamics (QCD), a non-abelian gauge theory based in the SU(3) c color gauge symmetry. The QCD can describe the observed phenomenology in the high-energy regime through the use of perturbation theory. However, for a low-energy regime, it is necessary to use non-perturbative methods because the running coupling constant is large. In this non-perturbative regime, in which the quarks are confined forming hadrons, several methods have been developed, as for instance, lattice theory, relativistic quarks models and effective theories.
Recently it has been presented a particular class of relativistic quark model, in which is possible to describe the charmonium and bottomonium spectrum in good agreement with the experimental data [3, 4, 5] . This description has been obtained by solving the Dirac equation in presence of SU(3) Yang-Mills fields representing gluon fields. This model presented by Yu Goncharov can also explain the quark confinement in a satisfactory way. Explicit calculations realized by this author [6, 7] show how the gluon concentration is huge at scales of the order of 1 fm. This fact suggests that the gluon fields form a boson condensate and therefore, the gluons at large distances can be considered as classical fields [9] . By this reason, the dynamics of the strong interaction at scales of 1 fm is described by means of the equations of motion of the the SU(3) Yang-Mills theory.
The main goal of this paper is to present some classical properties of the nonabelian Yang-Mills theories. We can extract these properties if we write the equation of motion for the non-abelian Yang-Mills theories using a similar language as the used in the Maxwell's equations of the classical electrodynamics. We restrict our interest to the case of the SU(3) Yang-Mills theory. The structure of this paper is the following. We first show in section 2 under which conditions the equations of motion for the SU(3) Yang-Mills theory have the same form as those of the classical electrodynamics without sources. Additionally, we also show in this section that if we consider the SU(3) Yang-Mills theory with only one color charge source and assume that there only exist two diagonal gluon fields, we find that the equations of motion for this theory also have the same form as those of the electrodynamics with sources. Next we write in section 3 the equations of motion for the SU(3) Yang-Mills theory with color sources using the language of the Maxwell's equations. These equations are written in terms of electric and magnetic color fields. We observe directly from the Maxwell's equations that the divergence of the electric and magnetic color fields are non vanishing. This result implies that there exist electric and magnetic color sources whose origin is not fermionic. The origin of these sources is related to the fact that the gluons have color charge and therefore they can be assumed as the sources of the electric and magnetic color fields. We also observe that there exists a magnetic color monopole which is generated by the gluons. These classical properties of the SU(3) Yang-Mills theory can be extended for any non-abelian Yang-Mills theory. Finally, our conclusions are presented in section 4.
Abelian Maxwell's equations
Non-abelian gauge theories have some differences respect to the abelian ones, as for instance the existence of a multiplicity of gauge fields, self-interactions, and gauge transformations that involve the gauge fields [10] . Particularly these differences can be observed if the SU(3) Yang-Mills theory with color charge sources is compared to the relativistic classical electrodynamics with electric charge sources. This nonabelian Yang-Mills theory is described by the following Lagrangian density: 
where λ b are the Gell-Mann matrices and ψ the quark fields. The equations of motion given by Eq. (2. 2) represent a system of non-lineal equations, whose solutions contain at least the components of the SU(3) gauge field which are Coulomb like or linear in the distance between quarks. In this way, the solutions of Eq. (2. 2) can model the quark confinement [5] . Since the Coulomb potential is solution of the equations of motion of the classical electrodynamics, in a problem with fermionic sources, it is relevant to ask us under which conditions the equations of motion of the SU(3) Yang-Mills theory have the same form as those of the electrodynamics. The main goal of this section is to answer this question starting from the non-abelian equations of motion given by Eq. (2. 2).
Because the Lie algebra of the SU(3) gauge group is defined by [λ a , λ b ] = iC c ab λ c , it is possible to write the non-abelian field strength tensor as:
where we have rewrite the non-abelian gauge fields as A µ = A a µ λ a . In the last expression, each one of the terms is a matrix and the color index does not appear explicitly. For the case in which the color charge sources vanish, i. e. for J ν b = 0, the equations of motion given by Eq. (2. 2) can be written as 
We observe that the system of equations given by Eq. (2. 5) is clearly not lineal, implying that the solutions cannot be obtained easily. A special case of Eq. (2. 5) corresponds to the situation in which the abelian conditions given by
are satisfied. For any system of coordinates, the abelian conditions can be true if it is possible to write Applying the conditions given by Eqs. (2. 6), (2. 7) and (2. 8) into Eq. (2. 5), we obtain that the abelian equations of motion for the SU(3) Yang-Mills theory without color charge sources are
We observe that there exist two differential equations for each one of the first seven fields and three for the eighth field. It is very easy to probe that the abelian equations of motion given by Eq. (2. 9) can be written as: ∇ · E c = 0, (2. 12)
13)
∇ · B c = 0, (2. 14) 
Because the quark fields ψ are triplets in the color space
then, the right side of Eq. (2. 16) has the following form:
where each element of the matrix has a γ ν between the fieldsψψ. Since the left side of Eq. (2. 16) is a system of equations, as is shown in Eq. (2. 10), it is possible to consider the different situations in which the Eq. (2. 16) is satisfied. Our interest is focused for the case in which the Yang-Mills equations is uncoupled respect to the components in the color space of the quark fields. For this abelian case, there are only two gluon fields that non-vanishing, the associated with the generators λ 3 and λ 8 . By this reason it is necessary that two components in the color space of the quark fields vanish independently. This means that for the abelian part of the SU(3)Yang-Mills theory there only exists one color charge, in a similar way as what happens for the electrodynamics in which there only exists one electric charge. This analysis leads to assume that any solution for the electrodynamics with sources is also a solution for the abelian part of the SU(3)Yang-Mills theory with color charge sources. For instance, the Coulomb potential:
is solution of the equations of motion given by Eq. (2. 9). The latter assures that each fermion source having color charge contributes to the Coloumb potential. It is possible that there exist more potentials [8] , but this result only assures that there exist at least one having the form of a Coloumb potential. This result is important because is a justification to introduce a Coloumb potential in the description of problems with three or more quarks. In the literature, it is possible to find detailed studies of the classical Yang-Mills equations in presence of static external sources [11, 12, 13, 14] .
Non-Abelian Maxwell's equations
The electric ( E) and magnetic ( B) fields, in the classical electrodynamics, are defined as the components of the electromagnetic field strength tensor (F µν ), in the following form:
1)
being n, i, j = 1, 2, 3. Starting from the Lagrangian density of the electromagnetic field with sources is possible to obtain the Yang-Mills equations using the EulerLagrange equations. From these equations is possible to obtain the homogeneous Maxwell's equations.
In an analogous way, we consider the non-abelian Maxwell's equations for the SU(3) Yang-Mills theory with color charge sources. The non-abelian field strength tensor is given by
where the non-abelian gauge field is A a µ = (A 0a , − A a ). The electric and magnetic color fields are defined respectively as:
being n, i, j = 1, 2, 3. In vectorial notation, the electric and magnetic color fields are
In contrast with the magnetic field of the electrodynamics, the magnetic color field for the SU(3) Yang-Mills theory is written as the sum of a rotor term and a non-rotor term. Substituting Eq. (3. 3) into Eq. (2. 2) and using the definitions given by Eq. (3. 4) and Eq. (3. 5), we obtain that the first Maxwell's equation for the SU(3)Yang-Mills theory with color charge sources is given by: 8) or in vectorial notation: 9) where we have used the fact that the color charge source can be written as J a µ = (ρ a , − J a ). Due the magnetic color field can be written as:
then, the second Maxwell's is given by:
which in vectorial notation can be written as
The other two Maxwell's equations are obtained from the definitions of the electric color fields, given by Eq. (3. 4), and the magnetic color field, given by Eq. (3. 5). These Maxwell's equations are:
and
We observe that the Maxwell's equations for the SU(3) Yang-Mills theory with color charge sources, which are given by Eqs. (3. 9), (3. 12), (3. 13) and (3. 14), do not only depend on E a and B a but also on A a and A a 0 . It is clear that for the abelian Yang-Mills theory case, these equations have not this dependence. If we put J a µ = (ρ a , − J a ) = 0 into the Eqs. (3. 9) and (3. 12), we observe the presence of sources of electric and magnetic color fields whose origin are the gluon fields. It is possible to see as the bosonic field is charged and simultaneously is source of magnetic field, i. e. the gluonic fields have color charge. Additionally, as the divergence of B a non vanishing then there exist color magnetic monopoles and the sources are not the quarks but the gluons. It is also possible to see that the electric and magnetic color fields are not gauge invariant and therefore they have not physical meaning.
So as the classical electrodynamics predicts the existence of electromagnetic waves, the SU(3) Yang-Mills theory predicts the existence of non-abelian waves associated to the strong interaction. These waves are the solutions of the following wave equations that can be obtained from the Maxwell's equations (see appendix B):
The obtained Maxwell's equations can be extended directly for any non-abelian Yang-Mills theory, taking in account that for a SU(N) gauge group there exist are N 2 − 1 generators, being N the group dimension. By this reason, the Maxwell's equations for a non-abelian Yang-Mills theory are given by the Eqs. (3. 9), (3. 12), (3. 13) and (3. 14), taking a, b, c = 1, 2, ..., (N 2 − 1). For the case in which E a and A a are independent fields and if there exist particular boundary conditions in the problem, the solutions of the Maxwell's equations for a non-abelian Yang-Mills theory are unique [8] .
In a similar way as in the abelian Yang-Mills theory case, it is required that the non-abelian gauge fields transform as
where U(x) = e −igλaχ a (x) . The transformation of the non-abelian field strength tensor has the form
If we now consider an infinitesimal gauge transformation given by
it is easy to prove that the non-abelian field strength tensor transform as
This tensor is only invariant for the abelian case. Starting from Eq. (3. 19), it is possible to find that the electric and magnetic color field can be written as
being clear that the electric and magnetic color fields are not gauge invariant. By this reason these fields have not a physical meaning. In a similar way as the scalar and vectorial potentials are auxiliary constructions in the electrodynamics, in the non-abelian Yang-Mills theory the electric and magnetic color fields do not represent measurable quantities. In these theories, it is possible to identify two scalar invariant quantities, which can be written down using the physical fields in (3 + 1) dimensions. These quantities are
One of the most remarkable results in theoretical physics is provided by Noether's theorem, which establishes a relationship between the symmetries of a given action and the conserved quantities of the system described by the action [15] . This theorem is very important for classifying the general physical characteristics of the quantum field theories [10] . In the electromagnetism there are only positive and negative electrical charges label the different kinds of matter that respond to the electromagnetic field. More kinds of charge are required to label particles which respond to the nuclear forces. With more kinds of charge, there are many more possibilities for conservation than simply that the sum of all positive and negative charges is constant [2] . This fact can be examined obtaining the equation of continuity starting from the non-abelian Maxwell's equations. Taking both the divergence of the Eq. (3. 12) and the time derivation of the Eq. (3. 9), and summing the obtained expressions, this procedure leads to
Rewritten this equation, using the field non-abelian strength tensor, we obtain
On the other hand, starting from the the usual covariant derivative definition given by
it is possible to rewrite the non-abelian Yang-Mills equations, given by Eq. (2. 2), in the following way
Taking the covariant derivative of this last equation
then the following equation is obtained
Comparing the Eqs. (3. 31) and (3. 25), we find that
We can simplify the last result if we eliminate the dependence respect to J ν , obtaining
This result establish a novel identity among two commutators that contain the field non-abelian strength tensor.
Conclusions
In the first part of this paper we have found that the abelian equations of motion for the SU(3) Yang-Mills theory without color charge sources have the same form as those of the electrodynamics without electric charge sources. These equations of motion have been obtained imposing the abelian conditions given by the Eqs. (2. 6), (2. 7) and (2. 8). Starting from this result is possible to predict the existence of waves for the SU(3) Yang-Mills theory without color charge sources. For the case in which the color charge sources are considered, imposing the same abelian conditions, it is possible to find the Yang-Mills equations uncoupled to the components in the color space of the quark fields. We have found that there only exist one color charge, reminding us the electrodynamics situation where there only exists one electric charge. For this case, as maximum there only are two gluonic fields as the mediators of the strong interaction. The equations of motion for the SU(3) Yang-Mills theory with color charge sources have the same form as those of the electrodynamics with electric charge sources, for each one of the two independent gauge bosons. This last result assures that in a system with N quarks, each quark contributes with a Coulomb potential. Surely in this problem there exist more potentials, but at least one of them is a Coulomb potential.
In the second part of the paper, we have obtained the equations of motion for the SU(3) Yang-Mills theory with color charge sources analogous to the Maxwell's equations for the electrodynamics with electric charge sources. These non-abelian Maxwell's equations have been obtained for the SU(3) Yang-Mills theory, but they are directly extended for a SU(N) Yang-Mills theory. We have found that the Maxwell's equations do not only depend on E a and B a but also on A a and A a 0 . From the divergences of E a and B a , it is possible to conclude that there exist sources of electric and magnetic color fields which are not fermions. It is possible to see that the bosonic field is charged and simultaneously is source of magnetic field, i. e. the gluonic fields have color charge. Additionally, as the divergence of B a non vanishing then there exist color magnetic monopoles and the sources are not the quarks but the gluons. We have found also that the same as happens with the gauge potential in the electrodynamics, the electric and magnetic color field are not gauge invariant. By these reason these fields have not a physical meaning.
